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Abstract
We have exactly solved the eigenequation of a two-dimensional Dirac
fermion moving on the surface of a sphere under the influence of a radial
magnetic field B, and obtained an exact expression of the collective exci-
tation energy gap for the filling factors ν = p2mp±1 , m and p are non-zero
integers, which is very well agreement with the computing results.
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Recently, there have been much progress in understanding of the fractional quantum
Hall effect(FQHE) [1], which results from a strongly correlated incompressible fluid state [2]
formed at special densities ne of a two-dimensional(2D) electron gas subject to a perpen-
dicular magnetic field B. Based on the idea of ”composite fermions”, so called by Jain [3],
resulting from the highly correlated motion of the carries, which effectively attaches even
flux quanta to each electron[ [4]- [8]], Halperin, Lee and Read [9] proposed a theory of a
compressible Fermi-liquid-like state at the half-filled Landau level, ν = 1
2
, which can be re-
garded as a degenerate system of the composite fermions in the absence of a magnetic field,
populating a Fermi sea. If the filling factor differs from 1
2
, the composite fermions see a net
magnetic field ∆B = B−B1/2, B1/2 = 2neΦ0 (Φ0 = hc/e is the flux quantum), and at filling
factor ν = p/(2p + 1), and p being a nonzero integer, they may fill |p| Landau levels, and
correspond to the incompressible quantized Hall states whose energy gaps are proportional
to the net magnetic fields ∆B = neΦ0/p. these predictions are strongly supported by the
current experimental data[ [10]- [19]].
On the other hand, there have been a lot of numerical calculations[ [20]- [25]]employing
the spherical geometry [26], in which N electrons move on the surface of a sphere under the
influence of a radial magnetic field, to study the elementary excitations in fractional quantum
Hall system. The flux through the surface of the sphere is 2SΦ0, S is an integer or half-
integer, the single electron states on the sphere have eigenfunctions YS,l,m, called ”monopole
harmonics”, and eigenvalues[ [27], [28]], El,m = h¯
2l(l+1)−S2
2meR2
, where me is the electron band
mass and R is the radius of the sphere, and satisfies the relation 4πR2B = 2SΦ0. The
qualitative agreement with the numerical results of interaction electrons at the magnetic field
B and noninteracting fermions at the magnetic field ∆B gives a remarkable confirmation
of the composite fermion picture. However, in all these approaches, there involves in the
electron band massme in their basic single quasiparticle excitations, but it is widely accepted
that the FQHE derives from the strongly correlated interaction of the electrons within single
Landau level, the basic energy unit of the quasiparticle excitation is e2/lB, lB =
√
h¯/(eB)
being the magnetic length. It is very difficult to scale the electron band mass me by this
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basic length lB [9]. In Ref. [29], we have given a simple explanation for the FQHE at
even and odd denominator filling factors from the viewpoint of the topologic property of a
2D Dirac fermion gas, and used this topologic property to formally define a correspondence
between the representations of the quantum Hall system in terms of electrons and composite
fermions in the usual gauge field approaches[ [4]- [8]]. The basic topologic term of the 2D
Dirac fermion gas will automatically enforce a Dirac fermion to attach with two flux quanta,
which becomes a basic composite fermion. In this Letter, we give an exact solution of a 2D
Dirac fermion moving on the surface of a sphere under the influence of a radial magnetic field
produced by a monopole at the centre of the sphere, and study the elementary excitation
spectrum in the fractional quantun Hall system. Of course, the fractional quantum Hall
effect derives from the strong Coulomb interaction of the conduction electrons, to treat it,
we must consider this strong Coulomb interaction of the conduction electrons, however, up
to now we have not found a reasonable method directly to treat it but the Laughlin’s trial
wavefunction. We think that the 2D Dirac fermion only describes a collective excitation
mode of this strong Coulomb interaction of the conduction electrons within single Landau
level, therefore there only exists a Coulomb-like energy scale e2/lB in the 2D Dirac fermion
system, it is a basic energy unit which has not any direct relation with a real electron mass
and the Coulomb interaction of the electrons. For a real material, its character is reflected
only by the dielectric constant ǫ which enters the 2D Dirac fermion system with electric
charge e. By using the 2D Dirac fermion to study the fractional quantum Hall effect, we
can avoid directly to treat the storngly coupling electronic system.
For a 2D Dirac fermion system, its Hamiltonian can be written in the surface of a sphere
as [31]
H =
∫
dxψ¯[−iγµDµ ±m]ψ (1)
where γµ are the 2D Dirac matrices, {γµ, γν} = δµν , µ, ν = 1, 2; Dµ = ∂µ − i(Γµ + Aµ),
Γµ are the spin-connection, Aµ are the gauge field produced by the monopole at the centre
of the sphere which is defined as 4πR2B = 2SΦ0, R is the radius of the sphere, B is an
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external magnetic field, 2S (an integer) is the strength of the monopole, m is the ”mass”
(chemical potential) of the 2D Dirac fermion which induces a topologic term (i.e., Chern-
Simons term): ± 1
8π
∫
dτd2xǫµνλaµ∂νaλ in a plane space, aµ are the Chern-Simons gauge
fields [30], this Chern-Simons term enforces the 2D Dirac fermion attaching with two flux
quanta [29], therefore the 2D Dirac fermion can be seen as an effective composite fermion.
Here we will omit the mass term in (1) because it does not affect our final results. Due
to in the 2D Dirac fermion gas, there naturally exists a topologic term which enforces
the fermion to carry two flux quanta each [29], we can use this 2D Dirac fermion gas to
mimic the strongly correlated electronic system of the FQHE, the 2D Dirac fermion should
be considered in mind as a collective excitation mode produced by the strong Coulomb
interaction of the conduction electrons within single Landau level, for simplicity, we omit
the interaction among the 2D Dirac fermions. To avoid the singularities, we divide the
surface of the sphere into two regions Ra and Rb, and define two gauge fields in these two
regions, respectively [27]
Ar = Aθ = 0, Aφ =
2S
R sin θ
(1− cos θ), 0 ≤ θ < π
2
+ δ, 0 ≤ φ < 2π
Ar = Aθ = 0, Aφ =
−2S
R sin θ
(1 + cos θ),
π
2
− δ < θ ≤ π, 0 ≤ φ < 2π
(2)
where δ is a constant, 0 < δ < π
2
. From Eq.(1), we can obtain the following eigenequation
of single 2D Dirac fermion
− i


0, A
R
A¯
R
, 0




ψ1
ψ2

 = E


ψ1
ψ2

 (3)
where A = −i(∂θ − isin θ∂φ + cos θ2 sin θ −RAφ), A¯ = −i(∂θ + isin θ∂φ + cos θ2 sin θ +RAφ). According to
Eq.(3), we have the following equations
AA¯ψ1 = R
2E2ψ1
A¯Aψ2 = R
2E2ψ2
(4)
Now we define two sets of angular momentum operators


Jz = −i∂φ − S ′
J± = ±e±iφ∂θ + ie±iφ cos θ
sin θ
∂φ + e
±iφ(−2S − 1
2 sin θ
+
S
′
cos θ
sin θ
)
(5)
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

Lz = −i∂φ − S ′
L± = ±e±iφ∂θ + ie±iφ cos θ
sin θ
∂φ + e
±iφ(−2S + 1
2 sin θ
+
S
′
cos θ
sin θ
)
(6)
where S
′
= ±S, the total angular momentum operators can be written as
J2 = − 1
sin θ
∂θ(sin θ∂θ)− 1
sin2 θ
∂2φ −
i
sin2 θ
[(2S − 1) cos θ − 2S ′]∂φ
+
1
4 sin2 θ
[(2S − 1) cos θ − 2S ′]2 + (S − 1
2
)2
L2 = − 1
sin θ
∂θ(sin θ∂θ)− 1
sin2 θ
∂2φ −
i
sin2 θ
[(2S + 1) cos θ − 2S ′]∂φ
+
1
4 sin2 θ
[(2S + 1) cos θ − 2S ′ ]2 + (S + 1
2
)2
(7)
In the Ra region, we have the following relations (S
′
= S)
AA¯ = J2 +
1
4
− S2
A¯A = L2 +
1
4
− S2
(8)
In the Rb region, we have the same relations as Eq.(8) if one replaces S
′
= −S. The wave
functions in these two regions have the following relations
ψai(θ, φ) = e
2iSφψbi(θ, φ), i = 1, 2. (9)
From Eq.(8), we can easily solve the eigenequation (4). In Ra region, we have the eigen-
functions
ψ1(θ, φ) = e
i(m+S)φY Sjm1 (θ), j = (S −
1
2
), (S − 1
2
) + 1, ..., m = −j,−j + 1, ..., j
ψ2(θ, φ) = e
i(n+S)φY Sln2 (θ), l = (S +
1
2
), (S +
1
2
) + 1, ..., n = −l,−l + 1, ..., l
(10)
where Y Sjm1 (θ) and Y
Sln
2 (θ) are called the monopole harmonics [27], which satisfy the fol-
lowing equations
[j(j + 1)− (S − 1
2
)2]Y Sjm1 (θ) =
[− 1
sin θ
∂θ(sin θ∂θ) +
1
sin2 θ
(m+ (S − 1
2
) cos θ)2]Y Sjm1 (θ)
[l(l + 1)− (S + 1
2
)2]Y Sln2 (θ) =
[− 1
sin θ
∂θ(sin θ∂θ) +
1
sin2 θ
(n + (S +
1
2
) cos θ)2]Y Sln2 (θ)
(11)
The eigenvalues of Eq.(4) can be written as
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E21R
2 = j(j + 1)− (S − 1
2
)(S +
1
2
), j = (S − 1
2
) + n, n = 0, 1, 2, ...
E22R
2 = l(l + 1)− (S − 1
2
)(S +
1
2
), l = (S +
1
2
) + n, n = 0, 1, 2, ...
(12)
where the quantum numbers j and l satisfy the relation, l = j + 1. For j = S − 1
2
, we only
have one set of wave functions ψ1(θ, φ) = e
i(m+S)φY
S,S− 1
2
,m
1 (θ), m = −(S − 12),−(S − 12) +
1, ..., S − 1
2
, corresponding to the eigenvalue E1(j = S − 12) = 0, called ”zero-point” energy.
For j = S− 1
2
+n, n is a non-zero integer, the eigenvalue E1(j) = E2(l) is double degenerate
for the wavefunctions ψ1(θ, φ) and ψ2(θ, φ). The lowest nonzero eigenvalue of the 2D Dirac
fermion is (j = S + 1
2
)
E = (1 +
1
2S
)1/2 ·
√
2EB (13)
where EB =
e2
lB
is the Coulomb-like energy of the 2D Dirac fermions, lB is the magnetic
length. For a free 2D Dirac fermion system, S is proportional to the number of the 2D Dirac
fermions, according to the definition of the filling factor of the Landau levels, ν = ρΦ0
B
, we
can easily obtain the relation 2S = N
ν
, so we have the total energy of N 2D Dirac fermions
from Eq.(13)
EN =
√
2NEB +
√
2
2
νEB (14)
We see that the last term is dependent upon the filling factor ν, which can be called as
the ”collective excitation energy” of the 2D Dirac fermion system, ∆EN =
√
2
2
νEB. For
the filling factors ν = p
2mp±1 , p and m are nonzero integers, the collective excitation energy
∆EN takes discrete values for different p and m, and go to the limit ∆EN (m, p → ∞) =
√
2
2
· 1
2m
EB, for p → ∞, which means that there exist infinite nearly degenerate levels
around these energies for different m. It is reasonable to assume that the system has a
continuous spectrum at these energies and show the Fermi-liquid-like behavior [9]. If we
choose these energies as the orignal point of energy, we can obtain a collective excitation
energy gap of the system for finite p
∆ν(m, p) = ∓
√
2
2
EB
2m(2mp± 1) (15)
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where the positive and negative signs correspond to the hole and fermion filling of the
Landau levels. For a real material we should take EB =
e2
ǫlB
, ǫ is the dielectric constant
of the material. We see that the collective excitation energy gap is proportional to 1
p
, but
proportional to 1
m2
for large m, this behavior is similarly consistent with the experimental
data [12].
We compare the our exact results ∆ν with the computing results in Ref. [32]. From
Eq.(15), we have the following collective excitation energy gaps for different filling factors,
∆exc.1
3
≃ 0.118EB, ∆exc.2
5
≃ 0.071EB
∆exc.3
7
≃ 0.051EB, ∆exc.2
7
≃ 0.025EB
(16)
while the computing results of Ref. [32] are that, ∆c1
3
≃ 0.102(3)EB, ∆c2
5
≃ 0.063(4)EB,
∆c3
7
≃ 0.049(18)EB, ∆c2
7
≃ 0.022(3)EB, they are very well agreement with our exact results.
The small difference between them may derive from the computing results extrapoted from
finite (a few electrons) system. To compare with the experimental data, we must redefine
Eq.(15). For a fixed N(electron number) system, Eq.(15) can be changed into as when
magnetic field B varies
(
EN
EB
)ν= p
2mp±1
− (EN
EB
)ν= 1
2m
= ∓
√
2
2
· 1
2m(2mp± 1) (17)
This relation is exact for a non-disorder material. However, for an integer quantum Hall
effect, if the composite fermion conception is valid, from Eq.(14) we see that the filling factor
ν takes even or odd integer, the system may show different behavior; for ν = 2n, taking
even integer, we have the relation, EN (ν = 2n) = EN+n(ν = 0), which means that we may
have a zero collective excitation energy gap; while for ν = 2n + 1, taking odd integer, we
have the relation, EN(ν = 2n + 1) = EN+n(ν = 1), which means we always have a nonzero
collective excitation energy gap. If this picture of the integer quantum Hall effect is correct,
the transitions[ [33], [34]] between insulating state and the quantum Hall states for the filling
factors ν = 1 and ν = 2 may be different, because for the former the collective excitation
energy gap will influence this transition.
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In summary, we have exactly solved the eigenequation of a 2D Dirac fermion moving on
the surface of a sphere under the influence of a radial magnetic field B, and obtained an
exact expression of the collective excitation energy gap for the filling factors ν = p
2mp±1 , m
and p are non-zero integers, which is very well agreement with the computing results.
We are very grateful to Prof. L. Yu and Prof. Z. B. Su for their encouragement.
*Present address: Max-Planck-Institut fu¨r Physik Komplexer Systeme, Bayreuther Str.
40, D-01187 Dresden, Germany.
8
REFERENCES
[1] D.C.Tsui, H.Stormer, and A.Gossard, Phys. Rev. Lett. 48, 1559(1982).
[2] R.B.Laughlin, Phys. Rev. Lett. 50, 1395(1983).
[3] J.K.Jain, Phys. Rev. Lett. 63, 199(1989); Phys. Rev. B40, 8079(1989); B41, 7653(1990).
[4] F.Wilczek, Phys. Rev. Lett. 48, 1144(1982); 49, 957(1982).
[5] S.M.Girvin, and A.H.MacDonald, Phys. Rev. Lett. 58, 1252(1987).
[6] R.B.Laughlin, Phys. Rev. Lett. 60, 2677(1988); E.Rezayi, and F.D.M.Haldane, Phys.
Rev. Lett. 61, 1985(1988).
[7] S.C.Zhang, H.Hanson, and S.Kivelson, Phys. Rev. Lett. 62, 82(1989); N.Read, ibid.,
62, 86(1989).
[8] A.Lopez, and E.Fradkin, Phys. Rev. B44, 5246(1991); M.Greiter, X.G.Wen, and
F.Wilczek, Phys. Rev. Lett. 66, 3205(1991); G.Moore, and N.Read, Nucl. Phys.
B360, 362(1991); S.Kivelson, D.H.Lee, and S.C.Zhang, Phys. Rev. B46, 2223(1992);
D.Schmeltzer, ibid., B46, 1591(1992).
[9] B.I.Halperin, P.A.Lee, and N.Read, Phys. Rev. B47, 7312(1993); V.Kalmeyer, and
S.C.Zhang, ibid., B46, 9889(1992).
[10] H.W.Jiang, et al., Phys. Rev. B40, 12013(1989).
[11] R.L.Willett, et al., Phys. Rev. Lett. 65, 112(1990); Phys. Rev. B47, 7344(1993).
[12] R.R.Du, et al., Phys. Rev. Lett. 70, 2944(1993).
[13] R.L.Willett, et al., Phys. Rev. Lett. 71, 3846(1993).
[14] W.Kang, et al., Phys. Rev. Lett. 71, 3850(1993).
[15] D.R.Leadly, et al., Phys. Rev. Lett. 72, 1906(1994).
9
[16] V.J.Goldman, B.Su, and J.K.Jain, Phys. Rev. Lett. 72, 2065(1994).
[17] H.C.Manoharan, M.Shayegan, and S.J.Lepper, Phys. Rev. Lett. 73, 3270(1994).
[18] R.R.Du, et al., Phys. Rev. Lett. 73, 7274(1994).
[19] B.Tieke, et al., Phys. Rev. Lett. 76, 3630(1996).
[20] E.H.Rezayi, and A.H.MacDonald, Phys. Rev. B44, 8395(1991).
[21] G.Dev, and J.K.Jain, Phys. Rev. Lett. 69, 2843(1992).
[22] X.G.Wu, G.Dev, and J.K.Jain, Phys. Rev. Lett. 71, 153(1993).
[23] E.Rezayi, and N.Read, Phys. Rev. Lett. 72, 900(1994).
[24] X.G.Wu, and J.K.Jain, Phys. Rev. B51, 1752(1995).
[25] P.Sito, S.N.Yi, K.S.Yi, and J.J.Quinn, Phys. Rev. Lett. 76, 3396(1996).
[26] F.D.M.Haldane, Phys. Rev. Lett. 51, 605(1983).
[27] T.T.Wu, and C.N.Yang, Nucl. Phys. B107, 365(1976); Phys. Rev. D16, 1018(1977).
[28] G.Fano, F.Ortolani, and E.Colombo, Phys. Rev. B34, 2670(1986).
[29] Y.L.Liu, Phys. Lett. A212, 103(1996).
[30] S.Deser, R.Jackiw, and S.Templeton, Phys. Rev. Lett. 48, 975(1982); Ann. Phys. (N.Y.)
140, 372(1982).
[31] N.D.Birrel, and P.C.W.Davies, Quantum Fields in Curved Space, (Cambridge Univ.
Press, London, 1982).
[32] N.d’Ambrumenil, and R.Morf, Phys. Rev. B40, 6108(1989).
[33] H.W.Jiang, et al., Phys. Rev. Lett. 65, 633(1990); 71, 1439(1993); R.Hughes, et al., J.
Phys.: Condens. Matter 6, 4763(1994).
10
[34] I.Glozman, et al., Phys. Rev. Lett. 74, 594(1995); D.Shahar, et al., ibid., 74, 4511(1995).
11
